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5 I Motivation: Hochster-Roberts &

Boutot-type theorems
Thm [Hochster- Roberts '74]

k :field

S = regring f.t . If
↓ k-rationally
G = lin redyp
= gG C M

Immediate courey's

char(k) =0 The following are
arithmetically CM :
· generic

def'l van's

[Hochster-Eagon 7 17



· symm
def'l var's [Kutz14]

· Grassmannian /Schubert var's

[Hochster, Lakcor, Musili n72-74]

all char's

· normal affinetoric -ar's

ave CM [Hochster 172]

Even more generally
Ihm S = reg. ring

Epure
R

= R , C M

② has ratil sing's



Def [Cohn'S9 ; Olivier'10]

Y : R-S ring map

↑ is pure if
id④φ

MQ R_MGS
R

↓ R-mod's M.i inj .

Ex , S = ft. lk Geld

& k-rat
G =lin red

Reynoldsoperator

split maps R- > S
k ....

left inv inMod(R)

· faithfully flat



Rem COlivier' 71]

N :R -S pure

Et eff . descent more for
mod's

① ②

char
. p >o HR'74 Smith 197

Kempf '79 Boutot 187
R2Q efelk eftie

Hochifer - Schouten, 108
Huneke '95

mixed Heitmann-Ma'18
char.



More generally :

Q R↳Spare . What prop'sー

of S decend to R ?

Ex's D Noeth COliver 173]

② normality [Hochster-Roberts4]

③ splinter [Datta-Tucker
'237

Def [Mal88]

R = Noeth ring

Reueuter if, f mod-fin

RAIS g .t . Speck) +-

SpecIR) sur

& is pure



Thm [Bontot 187 ; M-2S]
eftlk general

Reos pue map
of Noeth Qualy's

S has ratil sing's
= R has ratil sing's
:Bontof : type thun"

Ex's Noeth Q-aly's
O ket typesing (ii)

(Braca - Ge6- Langlo
'

n

Moraga for Gred ;]
Zhuang - Lyn ' 24

⑦ Du Bois sing's
[Godfey -MJ



③ dence F-quel F-ing type

GYamaguchi25]

Noeth #p-alg's
8 F-pure [HR'76]

② F-regular CHH'90 ;
Hashimoto '10]

③ FALSE for F-rational
& F-injective
[Watanabe '97]

[Nguyen112]



Main Q's

⑤z Other interniting exs of

pue maps
?

⑪ E Weak Boutof-type them's
where "pure" replaced by
"pue + something" ?



32 Main ResultE

Thm [M-J Y=loc. Noeth . Ich.

Oy ,y splintersy EY
↳ every locally equidim't
surf XEY is toogly

xEX ,puen ( 1Oyifltl→ O
xit

is pure
E : Easy : Finite =s loc. equidin'l
=>: Analogue of "miracle flathes"
Xsy fib . of var's , f loc equidit(
f 1

Y reg , X (M =f flat



Generalizes

· [Hochster 73 % Mal88]

Noeth . Q-uly's
normal[) splinter

[Chakraborty -Gurjar-Miyanishi
' ( 16 , <yu

' 24]

North
.

normal Q-aly's
=> every

fas in the The

is partially purethww

Keypt :splinter" can replace
inormal" outside equichar. O



What doeslocally equidit "mean ?

Thm [Cheralley 'S6; EGAl3]

fix+Y don't loc. fit
.

X
,
Y ined

"s gen pt
dimx(f -(f (x))) >, dim (f-(y1)
_

**tXImax dimof open HE X
when fit

.,
Et max dim of(
icpt-X )

Roughly speaking: locally equidim
if : =" always holds



New Ex's of pue maps

f: X-Y family of var's

all sam dima, y spliter
=> f pure

Thm [Gross' 94] 1C

X = proj . var, Kyn
= 0

↓ ep . fit .
"
3fold

Y = proj
. var ,

is Grate to J =
min'l

eguidimtellfit
Y : Ansing 's



Et Gross constructs exis where

↑ has A , sing's ,

Such an example cannot be

flat
.



PUp CEGAI3]f:X -→4 mon ,of
schemes, loc . f.t., xEX pt

TFAE :

& ECEIN , open aOhd
2lz X

,

s .t. every iwept of
Udon's

an incomp
of y and, Ex'EU ,

Uef"(f (x '1)

equidimit of dime
③ ZeEN , open wold 27 X

and factorization

U→g (ACy g quasi-
yflu dp fin

Y



S .t . every incept
of11 dow's

an incompt of 12
Def (EGAEs ; EGAly , Emrata]

· fequidimensionalax if
⑨ or⑧ holds .

· f locally equidicasional if

equidim't at every x=X

f equidin't if loc . equidimt
and f"(f(x)) equidin't
V + t X

Ex &D locequidim
θ

nof equitim



Prop[M->

O can de strengthenedso that,
ifxo is agen pt of f"(f(x))

of an in cpt-X , then we

can find afactorizationcs in $

Xolt genpt of p(f(x)
는 IA원 (f (× 1)

Key Idea Apply Nether normalization

to f"(f(x)) :

Thmn [Noether 1926 ; Bourbaki 164]

A =f.g . Ik field

or
.
≤ O22… 드 QPEA

ideals in A 1 .% . p>, 1



=> E X,, . ..,Xn alg indlep in Ast.

0k[X]A integral
① 7 inc. seg. (hlill , st.
orjok[ ☆=( + 、)_ - 、×h (j ))
Vj



Pf of Thm =>

Reduce to X,Y ined . taff.

Y= SpecCR) , (Rim
) local

fin
Prop⇒ S ← R [≤]

01 k λ
업 R

genpt
localize of icpt-X

S.to 엉시미~ ) [스] = 0!
, fin h
sq= (R(X])uR2]ble →

↑ Henselian &
Sof (2← [스>]mR[크]gfin
λ
R



[Lya'S](RCIJ)RCy splinter
=> top map pure
⇒R → Iqpure
= R -> Soy pue I



33 Weak Boutot-type thu's

⑪ I Weak Boutot-type thm's
wherepie is replacedby
Epueesthg

" ?

Yes , e.g :

[Nakayama '10] Q-factorial

surj, loc . equidiw't mon. 6tr.

integral, normal . Noeth sep . soh's

[M 121 ; Datta-M'24]

F- injective pure+quasi-fin
or strongly pure



Thm [M-] R2c S puce map Noeth

prime char. p
>o

Spec(S) -> Spec(R) loc. equidim'
& loc . F-ratil + Runiv . cat

= R loc . F-ratif

Idea · Reduce to R , S Local

NTS f param . IER, I
*
=I

· Show IS paran . idea

wse loc.equid't + R unv. Lab.( = IS can be completed to 1
a lop

(よ S )
*
= IS

⇒£ *
ε ( £5)*つR=ISNR

= I (purty)


